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Covariant Canonical Formalism of Fields
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The canonical formalism of fields consistent with the covariance principle of
special relativity is given here. The covariant canonical transformations of fields
are affected by 4-generating functions. All dynamical equations of fields, e.g.,
the Hamilton, Euler—Lagrange, and other field equations, are preserved under
the covariant canonical transformations. The dynamical observables are also
invariant under these transformations. The covariant canonical transformations
are therefore fundamental symmetry operations on fields, such that the physical
outcomes of each field theory must be invariant under these transformations. We
give here also the covariant canonical equations of fields. These equations are
the covariant versions of the Hamilton equations. They are defined by a density
functional that is scalar under both the Lorentz and the covariant canonical
transformations of fields.

1. INTRODUCTION

Particle fields are dictated by the covariance principle of the theory of
relativity. This principle has been consistently implemented by the Lagrangian
formalism of fields. The Hamiltonian formalism, on the other hand, is tacitly
related to the time. This noncovariant aspect of the Hamiltonian formalism
has, however, been extended to the whole canonical formalism of fields, such
that the covariance and the canonical aspects of the fields have been foreign
to each other.

One finds the inadequacy of the standard noncovariant canonical formal-
ism of fields in the following observation. In classical particle dynamics, the
canonical transformations are symmetry operations that leave the Hamilton
equations invariant. The Hamiltonian, as an observable, is also invariant
under these transformations. For fields, attention must also be paid to the
invariance of Euler—Lagrange equations under the canonical transformations.
Since the Lagrangian formalism is covariant, we see that the application of

"nstitute of Mathematics and Physics, Malardalens University, 721 23 Vasterds, Sweden.

785

0020-7748/98/0300-78 5$15.00/0 © 1998 Plenum Publishing Corporation



786 Mashkour

noncovariant canonical transformations of fields is not adequate to preserve
the Euler—Lagrange equations.

This feature has amounted to very limited applications of the canonical
transformations to fields. We may summarize the situation by a quotation
from a standard reference in the field: “There has been little exploration of
canonical transformations for classical fields, a subject that for discrete sys-
tems proved to be so rich and consequential, (Goldstein, 1980, p. 567). A
similar point of view has been taken by Merceir (1963).

In this article we undertake the problem of the covariant canonical
formalism. We give the covariant canonical transformations of fields, and
prove that these transformations are genuine symmetry operations on fields.
Under the covariant canonical transformations all field equations and observ-
ables are invariant.

The generalized covariant versions of Hamilton equations are also given
here. These covariant canonical equations are defined by a density functional
that is scalar under both the Lorentz and the covariant canonical transforma-
tions of the fields.

The canonical transformations play a fundamental role in canonical
gravity (Isham, 1993). They find also an important application in the related
subject of spacetime dynamics (Mashkour, 1997). These issues have war-
ranted the renewed interest in the subject.

The general conclusion of this article is summarized as follows: the
physical outcomes of each field theory must be invariant under the covariant
canonical transformation of the fields (Mashkour, 1997).

2. THE HAMILTONIAN FORMALISM

The Hamiltonian formalism shall be the guide for the development of
the covariant canonical formalism of fields. Let {¢*(x); a = 1,2, ..., N}
be the totality of the interacting fields. We assume the Lagrangian of these
fields is of first order: L = L(gq, Og). The Hamiltonian density associated
with this Lagrangian is then (Goldstein, 1980; Merceir, 1963)

H = 1a0og™ — L (1)

a=1,2,..., N(summation over repeated indices is implied, unless stated
otherwise). Variation of H yields

SH = 3muoq® — domadq™ — V+(pudg®) (2)

where
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OL
a(au(!a)
We identify the variables p&, u = 0, 1, 2, 3, as the covariant 4-conjugate

momentum of the field ¢”. The above T, is the time component of this
momentum:

3)

Po =

Ta = pg (4)

3. THE COVARIANT CANONICAL TRANSFORMATIONS

We demand that the covariant canonical transformations be symmetry
operations on the dynamical equations. Therefore, the Hamilton and the
Euler—Lagrange equations of the fields should be left invariant under these
transformations. We consider the point canonical transformations which relate
the field variables at the same spacetime point. We introduce the 4-generat-
ing functions:

F* = FYq(x, 1), 4'(x, 1)), p=20,1,2,3 (%)

The more general case F* = F¥(q, q’; x) can be handled in a parallel manner.
We write

L= madoq® — H (6a)
= m,dog'® — H' + 0, F* (6b)

The second of the above equations defines the transformed set of vari-
ables (¢'%, mp) such that

Ta(X, 1) = po(X, 1) (7a)
_oF°
- aqa (7b)
(X, 1) = po(x, 1) (7¢)
_ _OF°
= " (7d)
whereas
H =H+ V-.F (8)

Apart from the presence of the divergence V « F in equation (8), the above
relations coincide with the canonical transformations of classical particle
dynamics. These relations are normally extended to define the canonical
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transformations of fields (Goldstein, 1980; Merceir, 1963). In fact, under the

transformations (7), the Hamilton equations for the fields are preserved.
Our objective is further to maintain under the canonical transformations

the invariant forms for the Euler—Lagrange equations. This demands that the

variation of H' take an identical form as 0H of (2), i.e.,
OH' = dmi0og'® — Oomédq'® — Ve« (pidg’®) 9)

In fact, (2) and (9) are simultaneously satisfied if one makes the identification

oF' .
6_(1‘* = pa (10a)
OF' i
20 = —py (10b)
(i = 1, 2, 3). At the same time it must be true that
87‘5&6(){1’“ - 6()75&8(1’(1 = 87‘5(160(1“ - 6(ma8q°‘ (11)

We observe that (7) and (11) are identical to the canonical transformation
relations of the classical particles dynamics. Therefore, (11) is known to be
satisfied (Goldstein, 1980).

Equations (7) and (10) define the covariant canonical transformations
of the canonical variables {¢% ph; o = 1,2,..., N; u =0, 1, 2, 3}. We
show in Section 6 the invariance of the Euler—Lagrange equations under
these transformations.

4. MISCELLANEOUS PROPERTIES AND ILLUSTRATIONS

1. We have, according to (11), that the set of canonical variables {g%,
g = pg} at a given point (x, 7) define the same position—momentum Poisson
bracket relations as in classical particles dynamics (Goldstein, 1980; Mer-
ceir, 1963):

Ons 9¢°  9¢" Oms

— - =8 12
% an& aq/a an& aq/ol ( a)

0q° 04" oq" 0¢° \ _

- =0 12b

% an& aq/ol an& aq/ol ( )

On; Ong  Og OTtx | _ 0 (120)
%: onl 0¢'*  oOml 0q¢'* ¢

2. The relations (7) and (10) take the combined covariant forms
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(13a)

oL
= 13b
A0uq’®) (135)

[the second line of (13b) is verified subsequently by (23a)].
3. One can define alternative generating functions as

F¥q, p'") = F"q, ¢)+ pd'q’® (14)

where no summation is implies over the repeated index p on the left-hand
side. We have here

SFM = phdg® — pitdq’® + Opitq'* + pitdq’* (15a)
= pbdq” + ¢'“Opd" (15b)
OF"
Py = ph (15¢)
OF"
opet =q" (15d)
o

The generating function ;”(q, p'Y) generalizes Fa(q, p') of classical particle
dynamics (Goldstein, 1980).

Hlustrations. We give as examples the following generating functions:

Fi = f*(qpd (162)
Fy = fYqpd + £'(9) (16b)
These generating functions correspond, respectively, to the transformations
’ ! a ﬁ
0=, pit =T pb (17a)
9q
oqP og*
o _ o Oq [ Og" 176
=9, pd 2 (pb‘ aqg) (17b)

The first of these transformations shows that a pure functional transformation
of fields is a covariant canonical transformation.
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5. THE POISSON BRACKET RELATIONS

In view of the covariant relations of (13), each of the pairings (¢%, pf),
p=0,1,2, 3, defines the same local Poisson bracket relations as in (12). These
complete sets of brackets shall be given in a separate article in connection with
the covariant Poisson bracket relations. We proceed here to develop further
the Poisson bracket relations (12) associated with the pairing (¢% mp = pg).

The Poisson bracket {I1, @} of two observables [1(g(k), t(k)) and D(g(]),
1t([)), at the spatial points (k) and (/), is defined as follows (Bjorken and
Drell, 1965). We divide the space into infinitesimal cells of volumes T;
and consider the fields and conjugate momenta at the different cells to be
canonically independent. Then

{T(q(k), 7(k)), D(q(D), (D)}

1 (8l _35® ORI
= i - - 18
AXI,EOZ%T,- Smi(i) 0¢"* (1) Smi(i) Oq' () (18

where Ax; = (Ax}, Ax?, Ax}) are the dimensions of the ith cell. Here {¢'*(i),

Ta(i)} is an arbitrary canonical set of the fields and the time components of

the 4-conjugate momenta at the spatial point (7). In fact, according to (12),

the above bracket is invariant under the local canonical transformations.
One finds in particular that

(To(x, 1), ¢P(x’, )} = SBS(x — x') (192)
{Ta(x, 1), Tp(X', )} =0 (19b)
{q(x, ), ¢P(x', )} =0 (19¢)

which are invariant under the local canonical transformations of (12).

6. THE INVARIANT LAGRANGE EQUATIONS

We come here to the conclusion that the Euler—Lagrange equations are
invariant under the covariant canonical transformations (13). The transformed
Lagrangian is, in fact, normally ignored on the particle mechanics level, since
there the Hamiltonian and Lagrangian formalisms are completely equivalent.
For fields, however, the Lagrangian formalism plays a wider role than the
Hamiltonian formalism, where, for instance, the Lagrangian formalism
defines the energy-momentum tensor and the related fields observables, while
these variables cannot be obtained from the Hamiltonian formalism.

We would like, therefore, to define the Lagrangian of the canonically
transformed fields and to establish the invariance of the Euler—Lagrange
equations under the covariant canonical transformations. Let us rewrite (6b) as
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H' = mt{0oq'* — (L — Oy F") (20)

Comparison with (1) shows that the Lagrangian of the canonically transformed
fields (¢'%) is

L =m,dq®* — H' (21a)
= L(g, 99) — 0uF"(q. q") (21b)

One can vary either of the above right-hand side expressions to obtain the
same field equations that govern the transformed fields (¢’*). Thus:

1. We consider, first, expression (21a), in which we use the already
determined variation 0H' in (9). We find

SOL' = 8(0oq'*) s, + Cog'*dmé — (Cog'*)OTh + Og'*Oomsy

+ Ve (padg'®) (22a)
= (Oupa)dq'* + pit'6(duq’®) (22b)
from which it follows that
oL
—
0@ 2
qu = dupit (23b)

which yield
oL oL

On 20ug’™)  0g"" 0 @9

These are the desired Euler—Lagrange equations for the transformed fields
(¢'%) in terms of the transformed Lagrangian L'.

2. The second alternative, equation (21b), yields even more information
about the transformed Lagrangian and the field equations. It is also very
instructive to give a detailed analysis of this alternative. By doing so we
show explicitly the role of the 4-generating functions (F"(g, ¢')). One has
from (21b) that

6
SL' = pkd(0ug®) +o a8 Pi0(0ug”)

- (Sp&)auq“ + pi(80uq’") + (Bpot')Oug’®

e, e
i (aq‘* * A’ ))8‘1
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+ 0upbdq™ — (Opk)0ug™ + (Bpit)Oug'™ + pa(80uqg’®)  (25)
We have that
Oupidg™ = [(O°F*10q"0q™)0uq” + (8°F*10q"P0q")8uq'P15¢"  (26a)
—(p)oug® = —[(P*F*10¢P0q™)8¢P + (*F*10q'P0q™)8q""10uq™  (26b)
(Bpe)oug'® = —[("F*10q°0q')dq" + (O°F*10q'P0q'*)8q'*10uq'* (26¢)
from which it follows that

Oupbdq™ — 8phoug™ + Opit'oug’™

2l 2
— _( aF a o a—F /Q)Sq/ﬁ

+ 0
aq/[}aqa nq aq/ﬁaq/a nq
= 0upf'dq’? 27
Then (25) reduces to

o, o
d¢* " 0(6uq™)

oL = :|8‘1a + Oupetdq' + padouqg’*  (28)

Thus at the critical ¢* of L where

oL oL
A 4 Aa—0 29
“ o0 29
we have that
OL" = 0upitdq'* + piH60.q' (30)

which shows:
(a) The transformed Lagrangian is effectively also of the first order in
the transformed fields

L'=1L(q", 0uq") (3D
(b) Equation (30) in turn, as in alternative 1 above, yields

oL oL
oW o — - =0 32
YO0 9" 32
which together with (29) shows that the initial and the canonically transformed
fields simultaneously satisfy the initial and the transformed Euler—Lagrange
equations, respectively. Thus, the initial and transformed set of field equations
and the respective solutions equivalently describe the physical situation.
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7. THE INVARIANCE OF THE FIELD OBSERVABLES

We prove next that the field dynamical observables are, as well, invariant
under the covariant local canonical transformations (13). The energy-momen-
tum tensors of the initial fields (¢%) and the canonically transformed fields
(q'%) are, respectively,

N oL o v
Tu(q) = 2ond) Oug® — i L (33a)
v ! aL, 1o \4 !
T},l (q ) = a(avq,a) a}lq - SHVL (33b)

Therefore, the total 4-momentum and angular momentum associated with
the fields (¢%) and (¢'®) are

~

wPu = | (Mabug” — SuL) dx (34a)

J
wJi = | (x'madiq" — X'mabiq™) dx (34b)

J

and

Py = | (mhouqg'™* — 8y L") dx (35a)

J
ol = | (xX'mé0;q"" — x'mhoiq’*) dx (35b)

J

respectively. We wish to prove that
w Pu = Py (362)
g Jii = qJij (36b)

which would establish the invariance of the given observables under the
covariant canonical transformation (13). In fact, we already have from (8) that

.q'P() :JH, dx

=J(H+ V.F) dx

- .qP() (37)

On the other hand, it follows from (7) that
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6,—F0 = Ttaa,-qa - Tt&a,-q’a (38)

Substituting this equation into (35) and integrating by parts, we conclude
(36). This completes the proof that the given dynamical observables are
invariant under the covariant canonical transformations (13).

8. THE COVARIANT CANONICAL EQUATIONS

We have thus established that the covariant canonical transformations
of fields of (13) are genuine symmetry operations. They leave the Hamilton
equations, the Euler—Lagrange equations, and the field observables invariant.
We proceed to define the covariant canonical equations for the fields. The
analysis shows further invariances under the covariant canonical transforma-
tions. We can write (21b) as

OF* 0g'* _ . _ QF" 2g*

L + = 39
oq'* ox* oq* ox* (39)
which equivalently reads

PVl i/
L — pi# P L—ph Py (40)

Let us then define the “scalar Hamiltonian” density

9g*
M = pk ot L (41)
X

We find
M =M

Thus M is a scalar density under both the Lorentz and the covariant canonical
transformations. We further have that

OM = dpbkoug®™ — Ouphdq”® (42a)
= 0pOuq’™ — Oupedq’® (42b)
Thus
oM .
% = Ouq (43a)
g—gﬁ = —dupk (43b)

Or equivalently



Covariant Canonical Formalism of Fields 795

oM .
% = 0uq’ (44a)
2= o (44b)

Equations (43) and (44) are the covariant versions of the Hamilton equations.
These equations now take simple differential forms, rather than the involved
forms of Hamilton equations for the fields (Goldstein, 1980).

Equations (43) could also be obtained from a variational principle by
treating all of the field variables (¢% ph; uw = 0, 1, 2, 3; o = 1, N) as
independent. The derivation goes parallel to the case of the particle Hamilton
equations (Goldstein, 1980). It proves that the components of the 4-conjugate
momentum (pk) have a completely symmetric canonical role.

8.1. An Illustration

We demonstrate the covariant canonical equations (43) by considering
the case of the interacting electromagnetic fields with an external current j,.
The Lagrangian density for this problem reads (Sakurai, 1978)

L= —30uAy — Oy A + juAulc (45)
We have that
oL
—
Py 20, A) (462)

Here the subscript v of p¥ is the index of the conjugate field (4y), and the
superscript L is the component index of the 4-conjugate momentum. We
have that

M= pto 4 — L (47a)
= —1(0u Ay — Ov AL’ — juAulc (47b)

This leads, according to (43b), to

oM op
4= o (482)
= —julc (48b)

or
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which represents the desired Maxwell equations. It demonstrates the covariant
canonical equations (43).

9. SUMMARY

We have put forward the theory of the covariant canonical formalism
of fields. The covariant canonical transformations are defined by 4-generating
functions F"(g, ¢'), such that [see (21b)]

L(g, 0q) - L'(q', 0q') = L(q, Oq) — Ou F" (50)
whereas [see (13) and (23a)]

ph = a(;{; 5 (1a)
= ff;” (1b)
and
pat = % (52a)
= —% (52b)

Under the covariant canonical transformations all dynamical equations
of the fields are preserved. The dynamical observables of the fields are, as
well, invariant under these transformations. The covariant canonical transfor-
mations are therefore genuine symmetry operations on fields.

The generalized covariant Hamilton equations for fields also have been
given. Here the canonical equations are defined in terms of a density functional
that is scalar under both the Lorentz and the covariant canonical transforma-
tions. The generalized covariant canonical equations are thus fully invariant
under the covariant canonical transformations.

Within the framework of the covariant canonical transformations, the
equal-time Poisson bracket relations (19) are still satisfied. These relations
correspond to the pairing (¢°, 7 = p%) of the fields and the time components
of the 4-conjugate momenta. In a separate article we discuss the corresponding
Poisson brackets corresponding to the pairings (¢%, pp) of the fields (¢*) with
each of the spatial components of the conjugate momenta (pp). These four
sets of Poisson bracket relations unite to define the covariant classical field
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Poisson bracket relations. They correspond to the covariant commutation
relations of the quantum fields.
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